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Mass Loss by Gravitational Radiation in
Synge’s Theory
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Using Synge’s definition of mass for material systems, the variation of mass due
to the radiation of gravitational waves is derived to any order of approximation
with respect to the parameter associated with the weakness of the gravitational
field generated. When certain additional boundary conditions are imposed, the
result is analogous to the quadrupole formula and reduces to it in the first
approximation.

1. INTRODUCTION

Approximation methods have been basically used for the analysis of
mass loss due to the radiation of gravitational waves. Thus, using the
linearized theory of general relativity, Einstein (1918) derived the celebrated
quadrupole formula (which, therefore, is applicable only to nongravita-
tionally bounded systems) and after the work of Einstein et al. (1938) the
method of successive approximations was applied to describe the motion
of bounded systems until Goldberg (1955) showed that this method was
inadequate for the study of gravitational radiation.

In spite of this, the validity of the quadrupole formula has been
confirmed in several works, such as those of Landau and Lifshitz (1951),
Trautmann (1958), Peres (1950a,b, 1960), Peters (1964), Burke (1969),
Thorne (1969a,b), and Chandrasekhar and Esposito (1970), while the works
of Hu (1947), Sheidegger (1953), and Smith and Havas (1965), in which
the results contradict the validity of this formula, have been shown to be
incomplete.
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Nevertheless, the work of Chandrasekhar and Esposito (1970) has been
criticized by Ehlers et al. (1976) as the field equations have not been used
systematically. The method of Chandrasekhar and Esposito has the incon-
venience of the appearance of divergent integrals just in the order of
approximation where energy loss has to be taken into account, and although
this criticism still has not led to a mathematically rigorous derivation of the
formula, it has led to improved derivations (Walker and Will, 1980;
Anderson, 1980; Damour, 1983; Cooperstock and Lim, 1985; Futamase and
Schutz, 1985; Winicour, 1987).

The inconvenience of divergent integrals has been avoided (up to and
including the 2} post-Newtonian approximation) by using a modification
of Anderson and Decanio’s (1975) method proposed by Ehlers (1978) and
developed by Kerlich (1980a,b).

By this method, which is analogous to the “Hilbert type” expansion
used to obtain the so-called asymptotic series solution of the Boltzmann
integrodifferential equation, Brueuer and Rudolf (1981) have evaluated the
energy loss for a radiating system from the radiation damping force, verifying
the validity of Einstein’s classic formula for quasiperiodic motions.
Papapetrou and Linet (1981) have also obtained the same result in an
independent way by using the so-called Papapetrou (1951) field equations
generalizing those of the method of Fock (1939).

All these methods, besides having the common characteristic of using
series expansions for the metric in weak fields, use from the beginning the
slow motion condition. In Synge’s method, which is a variant of the *fast
approximation,” series expansions of the metric are abandoned. Further-
more, by suitable initial conditions the appearance of divergent integrals is
avoided to any order of approximation (Synge, 1970).

With the slow motion condition, McCrea (1981) has applied this
method to evaluate the energy loss by gravitational radiation and has
obtained this loss from the radiation damping force in the 25 post-Newtonian
approximation. .

The present state of the general problem, and in particular the questions
concerning the use of series expansions, the appearance of divergent
integrals, and the slow motion condition can be found in Persides (1987a,b).

Here, following the line of reasoning in Gambi et al. (1987), by using
Synge’s method without the slow motion condition, and maintaining an
arbitrary order of approximation, the energy flux through a sphere of radius
sufficiently large (in a technical sense which will be prescribed) is derived.
The result is analogous to the familiar quadrupole formula and reduces to
it in the first approximation.

The method is briefly summarized in Section 2. In Section 3 the
asymptotic expression for the so-called truncated Einstein pseudotensor is
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evaluated up to the K~ "'r™2 order of approximation. The variation of mass
due to the radiation of gravitational waves is derived in Section 4. In Section
5 the result is compared with the classical one. The asymptotic expression
for the truncated Einstein pseudotensor is detailed in an Appendix.

2. DESCRIPTION OF THE MODEL AND NOTATION

We consider a 4-space with coordinates x, and use imaginary time
x4 =it so that the formal signature of the metric 8., is +4. Latin indices
take the values 1, 2, 3 and 4, and Greek indices the values 1, 2 and 3, with
the summation convention in each case. Partial derivatives with respect to
coordinates are indicated by commas, and units are chosen so that both
the gravitational constant and the speed of light equal one.

In Synge’s method (Synge, 1970) the space-time metric is considered
to be of the form

8ab = 8ap T Vab (1)
so that the truncated Einstein pseudotensor G is defined by
G = L,+G® (2)

where L, is the linear part of the Einstein tensor, i.e.,
L, = %( Yab,ce T Yee.ab ~ Yac,eb — ‘)’bc,ca) _%aab(’)’cc,dd - ’}’cd,dc) ' (3)
so that it is always true that
Lopp=0 (4)

If the coordinate conditions

‘be,b =0 (5)
are imposed, with
Y= Yab — 30abVee (6)
we have
Lyp= %[l Y (7

Here the symbol [1:=V?+43,, is the wave operator in the flat space-time.
The gravitational field equations become

Oy*, =—2xkH® (k=87) (8)
where H® is the energy-momentum complex defined by

Hab = Tab + K—léab (9)
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T is the energy-momentum tensor for the material system generating the
field. Equations (9) constitute the basis of Synge’s approximation.
The retarded integral operator J is defined by

Jflx, t)= —:11; jf(x’, )x—x'||"! dyx’ (10)

(=t —|x=xY)
where f is such that both differentiation and integration are valid, so that
QJf=J0f=f (11)

x represents a 3-vector in the flat space-time and |x| its Euclidean norm.
Now, considering the sequence of metrics

)éab=8an+1zab (M=Oa-"sN) (12)

and the sequence of energy complexes
H?*=T?+«'G* (M=1,...,N) (13)
M M
(M means that the quantity it accompanies is calculated with the metric
tensor éab)’ then, if the energy-momentum tensor is chosen so that the
equations of motion are satisfied in the Nth approximation, i.e.,
ab
= 4
H,=0 (14)
we obtain

® o ab
=2l (15)
Jab satisfies the coordinate conditions

* =
AZab,b 0 (16)
The weak field approximation is introduced by assuming
T = O(k) 17

where k is a small constant in the sense explained by Synge (1970). Then,
it can be demonstrated that

Tab |b =O

N-1
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(where |y_; means covariant derivative calculated with the metric 8an )
implies
= O(kN™) (18)

and, furthermore, condition (17) establishes that -

g“" G"” okM™)y  (M=1,...,N) (19)
If the total mass of the material system is defined by
— 44
| e @

equation (18) let us write the variation of total mass in the form
ﬁ; (T*+k7'G™) dZ,+ O(K™™) 1)
dx4

where the integral on the right-hand side is taken over a sphere of radius
large enough around the material system, and whose surface element has
been written as dX,. If both the conditions that the material system is of
completely mechanical origin and that the matter is localized in a bounded
region of space are imposed, then T*® is of compact support, so that
choosing the surface of integration far away from the material system, we
obtain from (21)

— =k ﬁ; G dZ, + O(KN") (22)

for, due to (19), in order to obtain the variation of mass up to O(k™*?),
G“” or G"b can be used indistinguishably.

3. ASYMPTOTIC EXPRESSIONS FOR THE
TRUNCATED EINSTEIN PSEUDOTENSOR

3.1. Metric Deviations Far from the Material System

Let r:= ||x|| be the radius of a sphere large enough so that ||x|| > ||x'|.
Then

Ix—x'||~* = x| 7+ O(r ™) (23)

and the Nth term of the metric sequence (15) becomes

Y= JH“"(X t') d;x'+ O0(r?) (24)
2mr

N
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from which we have

% K d b , | ot Z»
e =— —H>d —+
RS 2m“ 3t' N-1 3x]axc o) (25)
Using now the fact that
at’ at' allx —x' X, _
—=—i —=——”—————”=———+ o(r (26)
90X, 0X, 0X, r
from (25) we have
x ___K ab
dha =T H dyx'+
Yab, 27rrn J.at x'+0(r 27)
and
y§b4=—LiJ—‘9—H“bd3x'+0(r—2) (28)
N 27r )8t N1

where n, is the unit radial vector
Mo = Xo/ T (29)

From the comparison between (27) and (28) we obtain the known
asymptotic relationship between the spatial and time derivatives,

;\);Zba lnaYab4 (30)

Furthermore, it has been verified that the potentials b * and their derivatives
are proportional to r~' asymptotically. This fact, together with equation
(7), leads us to see that, asymptotically,

abcc O(r_z) (31)
N
whatever the value of N.

3.2. Asymptotic Expression for gv‘“b

In order to obtain the asymptotic expression for the truncated
pseudotensor g;“b, we use the metric for the first approximation

%ab = aab + ?’ab (32)

This metric satisfies the coordinate conditions

Yis=O(K) (33)
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which are equivalent to
[bb, a], = O(k?) (34)

where [bb, a], are the Christoffel symbols of the first kind for the metric
(32). In this order of approximation, G“b is gwen by (Synge, 1969)

Gab ‘)’rerabx 2 ‘YabL;i; + 6ab7rs rs (YarL + ?br L:i‘:a) + O(k3) (35)
where the asterisks stand for the conjugate tensor of a symmetric tensor.
Since in general the conjugate A¥, for a tensor A,, is defined by

Afb = Aab - % BabAcc (36)

then, in the order of approximation considered, the conjugate of the first
term in the right-hand side of (34) is given by

M% = —[am, m],[bm, m], + O(k*) (37)

while the linear part L, of the Riemann tensor is given, in any order of
approximation, by

Labea ::%(’Yad,bc + Ybe,ad — Yac,bd — Ybd,ac) (38)

Now, since between (3) and (38) there exists the relationship
L,.= Lpbcp - % 51;chqu (39)
then, using (6) and (7), we can write nonlinear part (35) for the Einstein

tensor in the form

Aab __ * i ES
g _yab‘(‘l)’rs'—fars?cc)idmbs

m-‘

(’1)’ %6ab’ly>ckc)D('ly>rkr_%5rr’ly>ckc)

+1 * 1 * * _ 1 *
280b (}/rs 2 6rs?lcc) D(?/rs 2 ars’l),cc)

—3l(ya —28a75) O(yh —2847%)

+ (75 —38,75) D7k —38,75)]+ O(K) (40)

The asterisks below M., and L, mean that in definitions (36) and (37),
instead of the metric deviations v,,, their duals are used. Now, taking into
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account (31), we obtain from (40) that, in the first approximation with
respect to the parameter k, the truncated pseudotensor has the following
asymptotic expression with respect to distance:

G = Muy ~ (75 ~18,Y%) Liass + O(K'r ) (41)
* 1 *

3.3. Asymptotic Expression for g“”

We now generalize (41) to the case where the generic metric (12) is
considered, M being an arbitrary natural number. Since for the evaluation
of the variation of mass given in (22), the sphere surrounding the system
is of arbitrary radius, we choose this radius so that formulas (24) and (25)
may be used, maintaining all the terms in gab greater than kV"'r~? and

satisfying that the ones of order k°r> are negligible. These conditions,

which are satisfied if r>k'~", can always be assumed in Synge’s method
because, since it is of the fast approximation type, it leads to solutions for
the Einstein equations valid all over the space. So, any term of order k"r~,

with 3= P=< N and Q =2, appearing in the asymptotic expression of —Ig}‘l’b

will be negligible.
From now on, we assume coordinate conditions of the form

Yano=0(N™)  (pr [bba]=0(k™")) (42)

assuring in this way the satisfaction of the following condition:

Loy =30 33+ O(k™™) (43)
which is analogous to (7). Then, using (43) in the expression for the truncated
Einstein pseudotensor (see Appendix),

Aab
(oo)ga = _zijl’iabj - I‘\};bchc_;\);acL;fC

+8ab;¥rsL3;+%Iz’abL;'i‘+Mab+ O(kN+1r_2) (14)

and following a reasoning similar to the one that led to (41), we obtain

(OO)thb =Mab_ y;iLrabs+%'yzkchabs—i-O(kN-'-]r_z) (45)
N 3 N x N %
so that it is clear that, in order to obtain the value of (45) as a function of
the metric deviations, we need to calculate the corresponding expressions
for M,, and L.
* LS
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Since M,, is defined by
M. = Moapm =3 8asMirrm (46)
with
M, p.q = [ad, m][bc, m]—[ac, m][ba, m] (47)
then, taking into account (42), we have
M, =[mb, [N[am, [1+56,,[mr, [N[rm, []+ O(K™*") (48)

so that, substituting the metric in (12) with M = N in (48), we have

—_1 —
Mab - 4[%ml,bzml,a +2Zbl,m;\);al,m 2%mb,1zal,m]

+%6ab[3]¥ml,r]¥ml,r - zzmr,lzrl,m] + O(kN+1r_2) (49)

and from here we have

—_ Ll % * 1k % 1 % *
Mab - _4%ml,bzml,a+8zcc,azdd,b Zzbl,m ;\)J’al,m

1% * 1% * 1% *
+2%ab,m Y eem 4zal,bzcc,l+2%mb,lzal,m

+%g;‘:ﬂ r %ml,raab _%z;l:lr,l z;kl,maab
+a Y ytadar+ ON ) (50)

The expression for L, is obtained from the linear part of the Riemann
*

tensor defined in (38) by substituting the y’s by the y*’s. The result is

=1 * * * *
Lyahs = = Y s —
% rabs 2 (;\}; rs,ab 1?]’ ab,rs z rb,as z as,rb)

_%(Srslx zkc,ab + 5017% >ckr:,rs - Srbzfc,as - 6asz,ckc,rb) + O(klv-H r—2) (51)
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Then, from (31), (44), (49) and (50) we finally have, as asymptotic form
for the truncated Einstein pseudotensor of order N, the following value:

+
Bl
2
&
=2
8
3
O
8
&
NI
22
g
22
]
®
o

3 gk yhat 00N (52)

It is to be noted that, unlike in the linearized theory of Landau and Lifshitz
(1951), both the first and second derivatives of the metric deviations appear
in (52).

4. MASS LOSS DUE TO THE GRAVITATIONAL RADIATION

In this section we use (52) to study mass loss due to the radiation of
gravitational waves. To this end, the mean time value for the mass variation
of a material system having an approximately periodic motion of period 7
is evaluated. In general 7 is given by

dm dm
<E>fﬁz‘” (53)

If equation (22) is taken into account, the integrand in (53) can be written
in the form
dm

()
| Aad
o I g dZ, (54)
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so that from (53) we have

dm S @)
<——> =k ! J dz, (J G”i dt) =k J dz,, (J' G** dx4) (55)
dt /. , N N

Then, taking into account (52), we have

dm B
<E>T:K 1 J dEa J [—%zj’kn'Az;knl’a"'%]’\)]/fc,aI’z]/jd"t

1% 41 % * 1% %
2Z4l,m Y alm 2;\)}’&4m%cc,m 4%&1,4zcc,l
+2 Y et Yarm =3 Yt Yhdm =3V Y has
_ 1 % * +l ES % +l X %
2;\)]’7‘5 za4,rs erszm,gs ers Y as,ra
Lok % 1 % ok 1.k ok
+4zrr%c,a4 4z4szccas 41‘\);ro< zcc,r4] dX4
+O(KN ) (56)
Now, since equation (30) can be written in the form
’)’fb,r = Nr‘y;kbA (57)
where N, is the null 4-vector given by
N, = (=in,, 1) (58)
and applying the method of integration by parts together with (31), we have
E3 % — % + N+1_-2
J‘O ;\);pq,m ;\};rs,mdxlt A(Erstzpq,m) O(k r ) (59)
In the same way, but now using the coordinate conditions (42), we have
E3 — N+1_-2
Jo I‘\)J/pq,m z;ks,q dx4_A(II:Irqu2]/;‘;q,m)+0(k r ) (60)
and
* ok — N+1_-2
Jo zab zai,ae d.X4 A(gcdeNa;\)jlab)_l_o(k ¥ ) (61)

where JI\;“ and zl:r“i‘f are given by

Ers = J )xi{sﬂ dX4, Ecde = J"ycd,e4 dx4 (62)
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respectively. Then, using (59)-(61), (56) can be written in the form

<£ldr-tn>7=’<A1 J dza{J dx,[— % I4]¥il,4+%]‘\¥cc,a;\);dd,4
3L e g4 Y haTecad] T R(x% 1) (63)
where R(x®, 7) is given by
R(x®, 7)=A[-3y fImNmEal_‘_%zﬁﬂt,mNmIrvcc‘%zalﬂl\[lrcc
+%z§l,mM£m4_%zfn4 aNmI]-:]dd _%I‘\}]’ﬁN | .
F2 YN o+ 2 Y AN, T s =3 YN T e
(64)

If T, and T ., in (62) differ from ]xi“s and 21/2",,&, respectively, in quantities

N
of the order O(k™*'r™?), and if R(x% 7) is of this same order, then from

(63) we have
dm _

<E-> = gt J’ dz, J[—%zimgfnha'l‘%%i’azi‘d"t

Y dowa) dX4t O(KN*1r 2 (65)

1
_ers;\);rs,a

or, using again the integration by parts to the last two terms in the integral

with respect to time,
dm _
<—dT> =k J dz, J dxy [ =2 Yims Yoma T8 Y o Yt
%]?I’ r4 cca]+0(kN+l ‘42) (66)

X + ES *
B4,0 I}]’AA,«; 344,01)

dm 1
< >T:——J' dza j dx4 [(%25,42;;8,04‘-2%?;4,43;4@+g

ea,4+27;3;3, 7444+]?;z<4,a 4,4)]+O(kN+l _2)

(67)

|
N
—~

22
_:g*

[
Z‘Q
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or, by means of (42) and (30),
dm 1 J
—) =—— | d3, | dx,[in, vE..v3.
() -1 [ . et
—=2in, 1’\); Tge,4 %,za,a, +in,ngh NN, z EPA ;\},’ j",“

i
— * * ; * *
- 2 n, I‘\)JI BB,4 1‘2]’ ee,4 + lnansno';\); BB.4 z o4

i _
-5 naanenPnaz}‘p,‘tzfm‘;-‘r O(kN* 172 (68)

Now, writing the surface element in the form d%, = n, dZ and taking into
account that

1 1
EJ’ n,dQ =0, 4—7T—J'nanﬁdﬂ=%6aﬁ

1
Ejnanﬁng dQ=0 (69)

1
E J nyhgn.ns dd= %g(aa,;ae,, + 848, + 84,08:)
where d(1 is the corresponding element of solid angle, from (68) we have
dm 1 2 % % % * N+1 -2
—Et— ) n=@ dir (3I}I’ﬁezzﬁe,4“1‘¥gﬁ,4%a¢4)+O(k r=) (70)

The metric deviations appearing in (70) can be evaluated as in Landau
and Lifshitz (1951) or Misner et al (1973). In effect, differentiating (18)
with respect to x,, we have

H4:,44 = Ilgjf,aﬁ +0(kN") (71)

N—

so that

44 — aff _ o, art oT N+1
(g—l xt!xﬁ),44 ({:‘II—I xax‘r),o"r 2(}3_1 Xr + ‘IFVI—I xcr),a +2I]\-TI—1 + O(k ) (72)

Now, using the divergence theorem and that 5 ":’ is null at infinity, from

(72) we have

ar ' 1 dleTT N+1
B X' =y g TOUTT) 7
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where
— 44 '
I = J' IIVI_lx,,x, dsx (74)

are the quadrupole moments of order N for the material distribution. Then,
by (24), we have

2 d*I,,
j, _= + O kN+1 -2
Substituting now (75) into (70), we have
/dm 1 d’I, d’l
i == | dt “$ fory _ 2 oo + N+1,-2
<< dt>f>n SJ [( dxi) 3( dx; ) ] Otk ) 8)
and, if the free trace part for the quadrupole momentum
%GT J HM(x Xz %Ba‘rxsxs) d3x, (77)
together with the identity
d*+,\> (dL.\* 1{d’L.\°
3 | = 3 ) T3 3 (78)
dx;, dx; 3\ dx;

are used, from (76) we finally have

dm a4, N+1,-2
(%)), () rowrry oo

dm 1 F o2 N+1,-2
<<E>T>Q=—EJ (£,.) dt+0O(k r ) (80)

the dots meaning, as usual, derivatives with respect to time.

that is,

5. CONCLUSION

We have obtained one expression for the mass loss due to the radiation
of gravitational waves by deriving the energy flux through a sphere of radius
greater than k'™, To this end, we have used Synge’s method to determine
both the asymptotic value for the metric and the truncated Einstein
pseudotensor to the order N.

The value of energy loss due to the radiation of gravitational waves
derived in (80) is formally identical to the quadrupole formula derived in
the linear approximation. This formula corresponds in Synge’s method to
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the first approximation. Nevertheless, the value in (80) for the moments
has been calculated taking into account all the terms of order less than
kN*1r72 As can be seen in (74), these terms appear in the energy-momentum
complex (13) when the orders of approximation M in (12) (with M =2)
are taken into account.

APPENDIX

In a differentiable manifold with metric g,,, the Riemann tensor is
given by
Ropea = %(gab,cd + 8be,ad — Bac,bd — 8bd.ac)
+g™" ([ad, m][bc, n]—[ac, m][bd, n]) (A1)
or, equivalently, by
Rabcd = Uabcd + gmnDa‘bcdmn (A2)
where U represents the linear part in (Al), and D contains the terms
composed by product of two or more components of the metric tensor.

Using these symbols, we can write the Einstein tensor in the form
ab_dc

G _gabgdcggUUqu g g gbcg gklUkrsI
nb dc_ij rs ki

g 8 gm"Dibcjmn—fg g gbcg g nDkrslmn (A3)

Substituting in (A3) the covariant and contravariant components of the
metric tensor by

8ab =0t gab (A4)

and

gabzﬁab 7ab+g(‘y 1\7)+O(kN+1) (AS)

M
respectively [where g(A)I/ <. I]) is a sum whose terms are formed by

products of two or more y, 1= N;= N -1] and separating in (A3) the two
terms

88987 U ey =850 Uty (A6)

which give the linear part (3) of the Einstein tensor, we obtain as asymptotic
expression for the truncated Einstein pseudotensor

(o0) Aad __
](V; —_zijUiadj—]}]’chiaci—J};abUibdi"‘aadzrsUkrsk

+%zadUkrrk + Diadirnn _%8akarrkmm + O(kN+1r*2) (A7)



602 Gambi et al.

Now, if the following relationships between the symbols U and D, and the
symbols L and M defined in (38) and (47), are taken into account,

Lopea = Ugpea (A8)
Mabea = Dopedmn (A9)
L{e= Loy = Uppop (A10)
M= Mp, = Dobepmm (Al11)

we obtain from (A7)

() Aab _
ga - IzijLiabj - %bcLZc - zbchc - ;\);acL;li:c + 5ab%rsL:ks

+3 yasLl+ Moy + O(K™"r ) (A12)

This expression is always valid if the conditions established in Section 3.3
are satisfied.
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